In this article, we investigate the relativistic quantum dynamics of spin-1 2 particles in (1+2)-dimensional Gürses space-time backgrounds, and analyze the effects on the eigenvalues. We solve the Dirac equation using the Nikiforov-Uvarov method in the considered framework, and evaluate the energy eigenvalues and corresponding wave function.
Introduction
In modern physics, the Dirac equation is one of the remarkable achievements because of its important role in particle physics by predicting the existence of anti-particles. The Dirac equation is used to describes spin- 1 2 particles such as fermions and the Klein-Gordon equation for spin-0 particles such as mesons. The Dirac equation has been considered in different curved backgrounds due to its considerable applications in astrophysics, cosmology, and condensed matter physics (see, Refs. [1, 2, 3, 4] ). To obtain the solutions of the relativistic wave equations, various quantum mechanical techniques such as the Nikiforov-Uvarov [5] (see, Refs. [6, 7, 8, 9] ), super-symmetric quantum mechanics [10] (see, Refs. [11, 12] ), asymptotic iteration method (AIM) [13] etc. have been applied. In this investigations various kinds of potentials including the harmonic oscillator potential [14] , Eckart potential [15, 11] , Woods-Saxon potential [6] , Hyperbolic-type potential [16] , scalar or vector potential (linear and/or of Coulomb-type) have been considered.
The relativistic quantum effects on spin-0 and spin-half particles in Gödel as well as Gödel-type geometries have been addressed by several authors. In Ref. [17] , the authors studied the Klein-Gordon and Dirac equations in a class of Gödel-type geometries with zero, positive and negative curvatures. In Ref. [18] , the relativistic quantum dynamics of spin-0 particles in Gödeltype geometries, were investigated. They solved the equation and analyzed the similarity of the energy eigenvalues with the Landau levels in flat, spherical and hyperbolic spaces (see also, Ref. [19] ). In Ref. [20] , the Klein-Gordon equation is solved in the background of a class of flat Gödel-type geometries and analyzed the similarity of energy eigenvalues with the Landau levels [21] . In Ref. [22] , the Klein-Gordon equation with vector and scalar potentials of Coulomb-type under the influence of non-inertial effects in the cosmic string space-time, were investigated. There it has been shown that the presence of potential parameter and cosmic string allows the formation of bound states solutions and the energy spectrum get modifies. In Ref. [23] , two different classes of solutions for the Klein-Gordon equation in the presence of the Coulomb scalar potential under the influence of non-inertial effects in the cosmic string space-time, were studied. It has been shown that the presence of the potential parameter allows the formation of bound states and the energy spectrum of the scalar particles depends on the cosmic string parameter. In Ref. [24] , the relativistic quantum effect on scalar particles in a class of topologically trivial flat Gödel-type geometries, was investigated. We have shown that the energy spectrum gets modified and depends on the vorticity parameter characterising the space-time. In Rf. [25] , the linear confinement of scalar particles in a class of topologically trivial flat Gödeltype geometries, was investigated. We have obtained a compact expression of the energy spectrum which depends on different parameters. Also spin-0 massive charged particles in the presence of vector and scalar potentials of Coulomb-type, were studied there. In Ref. [26] , the Dirac particles in a class of topologically trivial flat Gödel-type geometries, was investigated. In Ref. [27] , the relativistic quantum dynamics of spin-0 particles in a class of Gödel-type geometries with a cosmic string, were studied. They solved the relativistic wave equation and analyzed the similarity of the energy eigenvalues with the Landau levels in flat, spherical and hyperbolic spaces. It was shown that the presence of the cosmic string, and the vorticity parameter modifies the energy levels and breaks their degeneracy. In Ref. [28] , the quantum influence of topological defects in Gödel-type geometries in the flat, spherical and hyperbolic cases, was investigated. In Ref. [29] , the relativistic quantum dynamics of Dirac particle with topological defect in a class of Gödel-type geometries with torsion was investigated. In Ref. [30] , Weyl fermions in Gödel-type geometries with a topological defect, were investigated. In Ref. [31] , scalar quantum particles in the backgrounds of Kerr-Newman, Gödel and Friedmann-Robertson-Walker (FRW) space-times with a cosmic string, were investigated. In Ref. [32] , the photon equation (mass-less Duffin-Kemmer-Petiau equation) has been written explicitly for the general type of stationary Gödel and Gödel-type geometries and solved exactly. There, the harmonic oscillator behaviour of the solutions was discussed and the energy spectrum of the photon was obtained. In Ref. [33] , the relativistic wave equation for spin-1 2 particles in the background of Melvin space-time, a space-time where the metric is determined by a magnetic field, were investigated. In Ref. [34] , the Dirac oscillator in the background of a spinning cosmic string space-time, were investigated. In Ref. [35] the relativistic dynamics of a Dirac field in the Som-Raychaudhuri space-time, and a class of flat Gödel-type geometries, were investigated. In Ref. [36] , Dirac fermions in the SomRaychaudhuri space-time with scalar and vector potential and the energy momentum distributions, were investigated. All the above works have been done in four-dimensional space-times. In addition, the relativistic wave equations are also investigated in two-and three-dimensional space-time. In Ref. [37] , the Dirac equation in two-, three-dimensional spaces was studied in the presence of a magnetic field. In two-dimensional space, an imaginary value for the radial component of the electromagnetic potential was considered and different angular gauge fields obtained in terms of the master function. The bound state solutions of the Dirac equation for the one-dimensional linear potential with Lorentz scalar and vector couplings, were investigated in Ref. [38] . The solutions of the Dirac equation and the non-relativistic limit for a linear scalar potential, were studied in Ref. [39] . The three-dimensional Dirac oscillator in a thermal bath was studied in Ref. [40] . In Ref. [41] , the relativistic quantum dynamics of spin-0 particles in (1+2)-dimensional Gürses space-time was studied. The Klein-Gordon equation without interaction is solved in the considered framework and the energy spectrum and corresponding wave functions obtained in detail. There, the fact that the presence of the parameter Ω modifies the energy eigenvalues was shown and thta, for massless scalar particles, the energy eigenvalues are similar to the Landau levels. In Ref. [42] , the Klein-Gordon oscillator is solved in the backgrounds of (1+2)-dimensional Gürses space-time using the Nikiforov-Uvarov (NU) method. In Ref. [43] , the generalised Klein-Gordon oscillator subject to Coulomb-type scalar potential in the backgrounds of (1+2)-dimensional Gürses space-time was investigated. In Ref. [44] , exact solutions of the Dirac equation on a static curved space-time with electromagnetic interactions was studied. In Ref. [45] , the Dirac equation for the Dirac oscillator in the background space-time of a cosmic string, of a magnetic cosmic string, and of a cosmic dislocation was studied.
In this work, we study the solution for Dirac equation in the backgrounds of (1+2)-dimensional rotational symmetry space-time with rotation.
We solve the Dirac equation using the Nikiforov-Uvarov method in curved space backgrounds, and obtain the energy eigenvalues and corresponding wave functions.
Three-dimensional Gürses space-time
Consider the following stationary and rotational symmetry (1+2)-dimensional
Gürses metric [46] (see refs. [41, 42, 43] and appendix A)
where µ, ν = 0, 1, 2. The metric (1) can be express as
where H(r) = Ω r 2 and D(r) = r. The properties of the above space-time has been studied in detail in Ref. [41] . In this work, we investigate the relativistic quantum motion of Dirac fields, and analyze the effects on the energy eigenvalues.
The above space-time satisfies the following conditions (see Eq. (12) in Ref. [25] and related references therein):
which clearly indicates that the metric belongs to flat class of Gödel-type geometries (which is also called zero curvature) in the three-dimensional case, where the prime denotes derivative w. r. t. r. The properties of three dimensional metrics have been studied in detail in refs. [47, 48, 49] . The metric has signature (−, +, +) and the determinant of the corresponding metric tensor g µν is
The coordinates fulfil the following ranges
The covariant form of the metric tensor for the space-time (1) is
with its inverse
The Christoffel symbols of the metric (1) are
Using the definition of e µ (a) and e 
which must satisfy
where η (a)(b) = diag(−1, 1, 1) and a, b = 0, 1, 2.
The Dirac Equation in the backgrounds of Gürses metric
The Dirac equation for a free Fermi field of mass m in curved space-time can be written as
where ∇ µ is given by
Here Γ µ is the spinorial affine connection
The Dirac matrices γ a related with the Pauli matrices are
where 0 is 2 × 2 null matrix and the Pauli matrices are
The spin connections ω µ (a)(b) are defined by
And these are
The components of spinorial affine connection
The second term in Eq. (11) using (12) becomes
Therefore from Eq. (11), we have
We write the Dirac spinor as
where E = −i ∂ t is the total energy, and j = l + 1 2 with l = 0, ±1, ±2... is the orbital angular momentum operator, and √ −1 = i.
Substituting the ansatz (22) into Eq. (21) and using Eqs. (15) , (20) , we get
Therefore we have the following differential equations:
After decoupling, we get the following second-order differential equation:
where
Note that ψ 1 , ψ 2 are wave functions of σ 3 with eigenvalues ±1, so we can write ψ s = (ψ + , ψ − ) T with σ 3 ψ s = s ψ s , s = ±1. Here we have used
We employ the change of variable x = Ω E r 2 , then rewrite the radial Eq. (26) in the form
The Eq. (29) is the second-order Nikiforov-Uvarov differential equation. Therefore, the energy eigenvalues equation [42] is given by
with the energy spectrum
where n = 0, 1, 2, 3....., l = 0, ±1, ±2... and s = ±1.
The corresponding wave functions [42] is
where |N| is the normalization constant and L (a) n (x) is the generalized Laguerre polynomials.
For massless Dirac fermions, that is, m = 0, we have the following energy eigenvalues:
We have seen that for massless Dirac fermions in the backgrounds of Gürses space-time, the presence of the term Ω 2 4 causes an asymmetric in the energy eigenvalues and shifts the energy levels.
The energy eigenvalues of massless Dirac fermions in (1+3)-dimensional space-time in ref. [29] (see ref. [17] ) with torsion field (S z ) and topological defect are (k = 0 = M, see Eq. (39) in Ref. [29] )
where j = l + 1 2 . For the torsion free field and without topological defects (α = 1), the energy eigenvalues reduce to E n,l = 2 Ω (2 n + 1 + |l
Furthermore, the eigenvalues of the energy of Weyl fermions in the fourdimensional Som-Raychaudhuri metric with a topological defect in Ref. [30] (see Eq. (26) there) are given by E n,j = 2 Ω (n + 1 2 + |j| + j 2 α )
where j = l + 1 2 is a half-integer. If one chooses k = 0 and α = 1, then the energy of a particle confined to plane without topological defects from Eq. (37) is given by E n,l = 2 Ω (2 n + 1 + |l
In Ref. [50] , the relativistic quantum dynamics of the Dirac field in a class of flat Gödel-type space-time (Som-Raychaudhuri metric) with topological defects, are studied. The energy eigenvalues (setting k = 0 there) are given by (see Eqs. (3.18)- (3.19) in Ref. [50] )
For a massless Dirac field without topological defects (α = 1), the positive energy eigenvalues from Eq. (39) become
In our case, substituting s = 1 into the Eq. (34), we get the energy eigenvalues E n,l = Ω [(2 n + |l| + l + 5 2 ) + (2 n + |l| + l + 5 2
Similarly, for s = −1 from Eq. (34), we get the energy eigenvalues E n,l = Ω [(2 n + |l + 1| + l + 1 2 ) + (2 n + |l + 1| + l + 1 2
From the above analysis it is clear that our result are different from the results obtained in Ref. [29, 30, 50] . Also we have seen that the presence of the term Ω 2 4 causes an asymmetry in the energy eigenvalues and shifts the energy levels which are no longer of Landau type [21] .
Conclusions
In Ref. [29] , the authors solved the Weyl equation for a family of Gödeltype geometries with a topological defect. They obtained the corresponding Weyl equations in these family of geometries, and solved them exactly. In Ref. [30] , the authors investigated the behaviour of a Dirac particle in the same family of space-times with a topological defect in the Einstein-Cartan theory. They obtained the corresponding Dirac equations in these family of geometries with torsion that contain a cosmic string that passes through the z-axis, and then solved them analytically. In both refs. [29, 30] , the Som-Raychaudhury metric with a topological defect was considered and the allowed energies for these relativistic quantum systems was obtained and an analogy between these relativistic energy levels and the Landau levels was shown. It was also shown that the presence of topological defect breaks the degeneracy of these relativistic energy levels. In Ref. [29] , It was shown that there exists a contribution of the torsion term S z 8 in the allowed energies (see Eq. (40) there). The torsion effect on the allowed energies corresponds to the splitting of each energy level in a doublet. Besides, the torsion contribution is additive due to the constant of motion associated with the operatorĈ (see Eq. (22) in Ref. [29] ). They finally observed the influence of the curvature, the torsion and the topology of the defect of a family of Gödel-type spacetimes pierced by a topological defect in the energy eigenvalues.
In this work, we have solved the Dirac equation in curved background space in a three-dimensional rotational symmetry space-time. Here we have constructed the Dirac matrices (γ µ (x)) in the considered framework. Consequently, we have constructed the Christoffel symbol, the spin connection and the spinorial affine connection. Having these elements, we could derive the Dirac equation in (1+2)-dimensional Gürses space-time backgrounds. In sub-section 2.1, we have solved the Dirac equation in curved space in the considered framework using the Nikiforov-Uvarov method, and evaluated the energy eigenvalues expression Eq. (32) and the corresponding wave functions Eq. (33). Here we have used the Dirac spinor method as σ 3 ψ + = ψ + and σ 3 ψ − = −ψ − so that σ 3 ψ s = s ψ s , s = ±1 where, ψ s = (ψ + , ψ − ) T . For massless Dirac fermions, the energy spectrum reduces to Eq. (34) which is different from the result obtained in Refs. [29, 17, 30, 50] for four-dimensional curved space-time backgrounds. We have seen in Eq. (34) that the presence of the term Ω 2 4 causes an asymmetry in the energy eigenvalues and the energy level are shifted. Therefore the obtained energy levels are no longer of Landau type. Note that in our solution the only effect is the vorticity parameter, Ω, without topological defect. We claim that the tool employed here to investigate the quantum dynamics of massless Dirac fermions in three-dimensional Gürses space-time without torsion, and topological defects are more suitable over the four-dimensional space-time.
into the metric (A.1), we arrive the following metric ds 2 = −a 0 dt 2 + 2 e 0 µ 3 r 2 dt dθ + 1 a 0 (e 2 0 b 0 r 2 − e 2 0 µ 2 9 r 4 ) dθ 
